Studies of competition when information on actual …rm costs is unavailable require consistent estimates of long run demand price-elasticities. When consumers stockpile, traditional static discrete-choice models overestimate long-term price responses. In this paper, we develop a dynamic model of demand with inventories and estimate the structural parameters fully accounting for consumers' unobservable heterogeneity, but without having to solve the dynamic programming. We …nd a signi…cant quantitative di¤erence between the price-elasticities yielded by the static and inventory model, pointing to the risks of making wrong policy recommendations based on short run measures.
Introduction
Consistently estimating demand is an empirical task of great importance in the area of Industrial Economics. Since information on production costs and wholesale prices is rarely available, the study of market structures requires the use of estimated preference parameters from which sample market shares and price cost margins can be recovered. The traditional empirical literature in the I would like to thank Steven Berry, Heleno Pioner, Vincent Requillart, and Phillipe Bontems for helpful comments. area has relied on standard static discrete choice models such as described in McFadden (1980 McFadden ( , 1984 . Examples are Berry, Levinsohn and Pakes (1995) , who study the automobile industry, and Nevo (2001 ), Berto Villas-Boas (2007 , and Bonnet and Dubois (2006) who estimate demand for ready-to-eat cereal, yogurt, and bottled water respectively, among many others.
While the static discrete-choice models are an interesting and relatively simple framework for studying individual demand, the recent literature casts doubts on the appropriateness of the resulting estimated price-elasticities for most demand applications. The study of mergers and market structure, for example, requires knowledge of long run responsiveness to price. As noticed by Nevo (2006a, 2006b) , if consumer behavior includes stockpiling, for instance, then short and long run elasticities di¤er, and static models will yield short-run elasticities which overestimate the long-run measures.
A number of papers bring evidence that dynamics in the form of inventories are an important component of individual demand. If consumers stockpile then the decision to purchase today is a¤ected by past prices and future expected prices. Reduced-form studies that test whether consumers stockpiling behavior is relevant include Boizot, Robin and Visser (2001) and Hendel and Nevo (2006a) . Hendel and Nevo (2006a) document purchasing patterns that are consistent with stockpiling behavior. More speci…cally, they …nd that duration since last sale positively a¤ects aggregate quantity purchased, both during sales and non-sales periods. This is consistent with a model of stockpiling where consumers follow a s-S inventory rule. The longer the duration since previous sale, the closer consumers will on average be to the lower-bound inventory threshold, making purchase more likely. Furthermore, they …nd that indirect measures of storage costs are negatively correlated with the probability that households buy large quantities on sale. The authors also report a signi…cant di¤erence between sales and non-sales purchase in what concerns duration from previous purchase and duration to next purchase. Duration to previous purchase is shorter during sales periods than during non-sales. The idea is that during sales consumers will take advantage of the lower prices and buy at higher levels of current inventory, i.e., duration to previous purchase is shorter. Since inventories will be at higher levels, on average it will take longer for consumers to reach purchase threshold and duration to next purchase will therefore be longer.
A very similar model is used by Boizot et al. (2001) . The only di¤erences are that in the latter time is continuous and consumption is assumed to be exogenous and constant (actually, Hendel and Nevo also assume exogenous constant consumption when they estimate demand. The theoretical model itself however determines consumption endogenously). They perform reduced form empirical analysis, …nding evidence that corroborates the consumer inventory theory.
More recently, some researchers have structurally estimated demand under stockpiling behavior of consumers. This is the case of Hendel and Nevo (2006b) , Erdem, Imai, and Keane (2003) , and Sun (2005) . Hendel and Nevo (2006b) structurally estimate a model of household demand for a storable product that incorporates the dynamics dictated by stockpiling behavior. Their goal is to assess and quantify the implications of stockpiling on demand estimation and, in particular, compare the resulting estimates to the ones obtained from standard static models. In the dynamic model, households purchase both for current consumption and for inventory building. Consumers increase inventory when the di¤erence between current and expected future price is lower than the cost of holding inventory. To estimate the model, the authors use weekly scanner data on laundry detergents collected in nine supermarkets of a large U.S. mid-west city. The state space includes prices and advertising expenditures for all brands in all sizes of the products. Hendel and Nevo suggest an interesting method to reduce the state space: in their model, the probability of choosing a brand, conditional on quantity, does not depend on dynamic considerations. Therefore, a large number of parameters can be estimated from a static brand-choice model, without solving the dynamic program. Estimation follows an adjusted version of the "nested algorithm", as proposed by Rust (1987) , where the value function is approximated by policy function iterations as suggested by Benitaz-Silva et al. (2000) . Results suggest that ignoring dynamics has strong implications on demand estimation. The static model overestimates own price elasticities, underestimates crossprice elasticities to other products, and overestimates substitution to no purchase outside option.
Resulting estimated price-cost margins using the …gures yielded by standard static models will be biased downwards.
Close to the work of Hendel and Nevo is that of Erdem, Imai and Keane (2003) . The main di¤erence between the two papers is related to how they reduce the complexity of the state space.
Erdem et al. assume that once consumption is determined, each brand in stock is consumed at a rate proportional to the share of that brand in storage. Their method is more ‡exible in modelling unobserved consumer heterogeneity but at a higher computational cost. Which method is more convenient will depend on the market or industry under study. In particular, for applications where the choice sets are large, the Erdem et al.'s method is di¢ cult to apply.
Finally, Sun (2005) studies promotion e¤ects on consumption, which is endogenous but not uncertain as in Hendel and Nevo (2006b) . The shock to utility is assumed to be logistically distributed so that product choice probabilities are multinomial logit. To solve the dynamic program, Sun adopts simulated maximum likelihood techniques employing Monte Carlo methods (Keane, 1993) in addition to the interpolation method (Keane and Wolpin, 1994) to estimate parameters. The model is applied to individual purchases of packaged tuna and yogurt.
Notice that a common aspect of the models above is that estimation of structural parameters require solving the dynamic program, which is a complicated numerical problem, as well as very costly in terms of computer time (see Rust, 1996) . In this paper we develop a way of structurally estimating long run price responses of consumers under inventory behavior without having to solve the dynamic program. That is one of the main contributions of our work. We use a model of dynamic consumer demand similar to Hendel and Nevo (2006a) 's model, where an additional assumption on consumption permits not only to empirically test the validity of the model but also to estimate the structural parameter needed to calculate the long run price elasticities.
Our methodology is extremely ‡exible with respect to consumer unobserved heterogeneity: the main estimated parameter is household-speci…c, thus yielding household-speci…c price elasticities.
Developing a method that fully accounts for heterogeneity is the second important contribution of this paper. We compare the long run and short run elasticities, …nding that the short run measure overestimates long run elasticities by more than 80% on average, making it clear that considering consumer stockpiling behavior makes a signi…cant quantitative di¤erence in price elasticities.
Results are robust to di¤erent price expectation hypothesis as well as di¤erent estimation methods.
We use a home scan survey. Household level information on store visits, purchases, and prices paid were collected during three years (1999, 2000, 2001 ) from a nationally representative survey.
Data on household characteristics, including characteristics of the home and of the individuals composing the household, and store characteristics were also collected.
This work is organized as follows. In the next section, we present the inventory model and derive the testable implications, the purchase decision equations, and the long and short run demand price elasticities implied by the model. In section 3, we compare our methodology to that in Hendel and Nevo (2006b) and in Erdem et al. (2003) . Data description as well as descriptive statistics for some of the variables used in the empirical analysis can be found in Section 4. Section 5 brings the econometric implementation and empirical results, while the sixth section checks the robustness of the results. Section 7 concludes.
The Model
Empirical studies of market competition need an unbiased estimate of the long-run demand price elasticity in order to calculate price cost margins when information on actual costs is not available.
The usual discrete-choice static models of demand yield estimates of the short-term price elasticities, which will be di¤erent from the long-run elasticities if some dynamic component in ‡uences consumers'purchase choice. In particular, if consumers hold inventories, the static model will not yield the desired elasticities. To correct for this problem, we propose a dynamic demand model with random prices which takes into account the possibility that consumers stockpile. Making an assumption on consumption at periods without purchases, we are able not only to derive testable implications of the model but also to structurally estimate model parameters without having to solve the dynamic program. Finally, we derive the short and long-run demand price elasticities implied by the dynamic model and show they are indeed di¤erent.
Consumer Behavior with Inventories
The net per period utility of consumer i is equal to u (c it ), where u is an increasing and concave function of consumption at period t, c it . At each period, consumer i must decide how much to purchase of a certain good, how much to consume, and how much to stock as inventory. The law of motion of inventories is:
where y it is the end of the period level of inventories, and x it is the beginning of the period level,
i.e., before consumption c it and purchases q it : Notice that
The problem of the consumer i at any period t is:
s:t:
where i is the marginal utility of revenue, and the parameters between brackets are the Lagrange multipliers of each constraint. The function (y it ) represents the cost of storing inventory, which is an increasing and convex function of inventories. Assume (y it ) = y 2 it . At the beginning of each period (before purchases) consumers learn the practised prices at the period. The Lagrangian of the problem is:
The …rst order conditions with respect to consumption at period t (c it ), purchase at period t (q it ), and end of the period inventory at period t (y it ), are, respectively:
We assume positive consumption every period and that consumers always expect future consumption to be positive. This assumption can be strong for certain product categories. But here, as we will see later, we only consider products that are consumed at regular basis and for which we expected households to consume a positive amount at every period.
Manipulating the …rst order conditions and given the assumptions above, we get our main result:
Proposition 1 In periods with purchases (q it > 0), if the price is higher than the discounted expected price for the following period ( p t > E t (p t+1 )), the utility maximizing end of the period inventory level is equal to zero (y it = 0). Furthermore, in this case, next period purchased quantity (q it+1 ) will be positive. On the other hand, if p t E t (p t+1 ), then y it > 0 in periods with purchases and periods without purchases, and next period purchased quantity can be either positive or equal to zero.
Proof. When q it > 0 ( it = 0), we have:
, which implies y it < 0 (since
Et it+1 2 i > 0), which contradicts y it > 0: Thus y it = 0 when p t > E t (p t+1 ) and
When y it = 0, next period purchase is going to be equal to:
The end of the period inventory level is non-negative, while consumption is assumed to be positive at every period. Therefore, if y it = 0, q it+1 > 0. Now, take periods when q it > 0 ( it = 0) and
. Now, E t it+1 will be greater than zero if and only if the expected purchase at period t + 1 (q it+1 ) is equal to zero. When y it = 0, the expected purchase next period is equal to:
Notice that this expectation is going to be greater than zero since we assume consumers always expect next period consumption to be positive and since end of the period inventories are non-
, which implies y it > 0 (since p t E t (p t+1 ) and it > 0), contradicting y it = 0: Therefore, it must be that y it > 0 in periods when purchases are positive and the price is lower than the regular price. Now, let q it = 0 ( it > 0) and p t E t (p t+1 ). Assume y it = 0. Then it > 0 and E t it+1 = 0,
, which implies y it > 0, contradicting the initial hypothesis y it = 0. Thus y it > 0 when q it = 0 and p t E t (p t+1 ).
The next period purchase is going to be equal to: q it+1 = y it+1 x it+1 + c it+1 , which is equal to zero if y it+1 > y it c it+1 , and greater than zero otherwise.
Although prices are random, we assume consumers always expect prices to return to their regular level p r (including the discount 1 ), which is equal to the mean price they pay for the good. At …rst view, this may seem a strong assumption, given that stores are known to frequently o¤er discounted prices. However, notice that the regular price, de…ned as the mean price paid by the consumer across all her purchase occasions, already incorporates discount prices and their probabilities. Therefore, what may be controversial in our hypothesis of expected next-period price being always equal to 1 Since the time period we consider is short (one week), we let the discount rate be very close to 1. So Et (pt+1) = why the rational expectation hypothesis should not be used.
Finally, notice that the absence of "precautionary" stocking is not implied by the assumptions on expectations. Rather, it is due to the assumption that preferences are quasi-linear, which is quite a standard assumption in the literature without which it would be much harder to estimate model parameters. The quasi-linearity of preferences imply that the marginal utility of consumption is separable from the marginal utility of income and linear in prices. Hence, there is no concavity which would trigger precautionary behavior.
From the proposition above, we know that, given purchases today at non-discounted prices (p t > p r ), consumers will certainly purchase next period. On the other hand, if they purchase today at a lower than regular price, they will hold positive inventories at the end of the period and they may not have to purchase next period. Thus, the probability of purchasing next period is higher when the consumer purchases today at higher prices. This is the idea behind the …rst implication of the model:
Implication 1 Conditional on inventories, duration until next purchase is higher at discounted price periods.
Purchases are going to be positive when q it = y it x it + c it > 0. Hence, the level of inventory at the beginning of the period, x it ; that triggers purchase isx it = y it +c it , which is lower at discounted prices than at regular or higher prices since both y it and c it decrease with current prices. Thus:
2 The standard assumption (see Hendel and Nevo, 2006) is that price expectations are …rst order Markov.
Implication 2 Conditional on inventories, duration from last purchase is lower at periods of discounted price.
Moreover, the higher the marginal cost of holding inventories i , the lower the chosen inventory level y it , and the lowerx it that triggers purchases. Therefore, the lower i , the higher the frequency of purchases. If we compare two households, l and j, such that l > j , we should expect household l to purchase more frequently than household j:
Implication 3 Conditional on inventories, households with a high marginal cost of holding inventories purchase more frequently than households with low marginal costs.
Of course, we do not observe the marginal cost of holding inventories. However, we can make some reasonable assumptions on the ordering of the marginal costs. Take the purchase of butter, for example, which must be stocked in the refrigerator. Then stocking butter is certainly more costly for a household who has a refrigerator than for a household who does not. In general, an important part of the cost of stockpiling is the space cost. The less space a household has available for stocking, the higher the marginal costs of stocking. Thus, households that live in bigger houses probably have lower marginal costs of holding inventories. We can therefore test Implication 3 using some observable characteristics of the households'homes as indirect measures of space availability.
Notice that testing the above implications is equivalent to testing the dynamic model of consumer decision. The alternative hypothesis is the static model, where duration is independent of prices because a price variation will be completely translated into consumption variation, and will not a¤ect decisions in other periods.
The Purchase Decision
From Proposition 1, we know that Pr (y it = 0 j q it > 0; p t > p r ) = 1. Thus
, where c it = h ( i p t ) and h = u 0 1 . Therefore, conditional on purchases and prices being higher than regular:
the beginning of the period level of inventories x it is not directly observable, we know, from the law of motion of inventories that:
Moreover, we know from Proposition 1 that at periods t 0 with purchases (q it 0 > 0) and price higher than regular price (p t 0 > p r ), the chosen end of the period inventory of consumer i is going to be equal to zero (y it 0 = 0), and thus at the beginning of the next period, inventories (x it+1 0 ) will also be equal to zero. Or, more formally, if at t 0 (i) < t; q i0(i) > 0 and p 0(i) > p r , then y i0(i) = 0 and
Therefore, we will consider household i's period zero as the period t 1 (i) immediately following period t 0 (i) ;which is the …rst period when prices are higher than regular and household i purchases. In that way, we are sure that x i1 is equal to zero and we can write:
where we observe q it for all t and can thus calculate
In what concerns consumption, its utility maximizing level at periodst with purchases (q it > 0), t 2 f1; 2:::g, is c it = h ( i pt). However, for periods t without purchases (q i t = 0), we only know that c i t = x i t y i t , which we cannot use in (10) to calculate beginning of the period inventories. We assume, therefore, that at periods without purchase, consumption will be equal to consumption at regular prices , that is c i t = h ( i p r ).
Utility Speci…cation
, where is a positive parameter, so that h
(13)
We assume that the errors v it are mean independent of q it , p t ,
, and p r for all t, which implies that
. This means that we are able to estimate the marginal utility of income i and the parameter using (12). Unfortunately, we cannot estimate i in (13) because of E t it+1 , which is an unknown function varying on period t and on household i. However, i is the most important parameter to be estimated when we are ultimately interested in price elasticities because, as will be seen in the next subsection, the marginal utility of income is the model parameter needed to calculate the long run price elasticity.
Instead of a CARA utility, Hendel and Nevo (2006) consider a logarithm utility function (u(c it ) = ln(cit)). But in our case the logarithm utility function is too restrictive in terms of price elasticities because in our model they are always equal to 1. Examples of alternative utility functions can be found in Sun (2005) , where utility is a second-degree polynomial of consumption, and Erdem et al. (2003) , where utility is linear in consumption.
Price Elasticities: Long Run versus Short Run
If consumers stockpile, short run and long run price elasticities will di¤er. The long run priceelasticity should only take into account the e¤ect of a price variation on consumption, not in purchases in a certain period, since part of the variation in purchases in a certain period will be due to variation in stocks 3 . The long run price elasticity is therefore the price elasticity of consumption in the inventory model, where purchase and consumption are not the same. What we call the short run price elasticity, on the other hand, measures the responsiveness of purchases to variation in prices. It can be calculated as the price elasticity of purchases in the inventory model, or as the price elasticity of demand in a static model where purchases and consumption are equal at every period.
In this subsection, we compare short (purchases) and long run (consumption) price responses in the inventory model, showing that these two measures are not the same. We also show the expressions for the short run price elasticities yielded by the static model of demand.
Short Run
The short run price-elasticity of demand will capture the e¤ect of a variation in prices on the purchased quantity, which in the presence of stockpiling behavior is not necessarily equal to consumption. Hence, the short run price elasticity is actually the price elasticity of purchase in the inventory model and, as shown in the Appendix, it is equal to
where is the cumulative distribution function of P t n=t 1 (i) v in , and V it and U it are, respectively:
As can be seen below, the expression for the short run (purchases) price elasticity is di¤erent from the expression for the long run elasticity of demand (consumption) under stockpiling behavior.
Unfortunately, we are unable to compute or estimate the elasticity in (14). However, we are able to estimate the short run elasticity implied by a static model of demand behavior. We would like to compare the measures thus obtained with the long run elasticities resulting from the inventory model. The static (short run) elasticities are obtained from a model identical to the inventory model described above, with the exception that dynamics are now ignored. Thus, consumers choose today whether to purchase and how much to purchase taking into account only the current price and the utility realization shock. Furthermore, in the static model, quantity purchased is equal to quantity consumed since there is no stockpiling. Considering
leads to the following …rst order condition:
where i is the marginal utility of income in the static model and c it equals quantity purchased.
Equation (15) implies that the price elasticity in the static model is thus:
The parameter i can be identi…ed in (15). The estimated parameters can then be plugged into (16) to obtain measures of the short price elasticities.
Long Run Inventories are a form of intertemporal substitution but in the long run, everything which is purchased will be consumed, since it is from consumption that the individual extracts utility. Therefore, the long run purchased quantity, or the long run demand, depends only on consumption, not on inventories. Hence, a measure of the long run price elasticity should take into account only the e¤ect of prices on consumption. We shall consider the e¤ect of prices on consumption even when there are no purchases because we assume consumption is positive in every period.
, the long run price elasticity (the consumption price elasticity in the inventory model) of individual i at period t is:
Thus, to calculate the long run price elasticity implied by the inventory model, we only need to identify one of the parameters of the model, the i . The estimated values can then be directly plugged into (17) to obtain household speci…c measures of the long run price elasticities.
Notice that the price elasticities of the dynamic model have exactly the same functional form as in the static model (equation 16). What will di¤er between the short and long run measures is the estimated coe¢ cients for the marginal utility of income (^ i in the static model and^ i in the dynamic model).
In this section, we compare our work to other studies that structurally estimate parameters of the inventory model, namely Erdem et al. (2003) and Hendel and Nevo (2006b) 4 . We are mainly interested in comparing the characteristics of the di¤erent models in what concerns simplicity of the estimation method, ‡exibility of consumer heterogeneity, and product di¤erentiation.
Hendel and Nevo's inventory model is very similar to ours: per period utility is a concave function, there is no stock out or purchase costs, holding inventory is costly, and prices are random.
An important di¤erence is that they consider brand choice. Product di¤erentiation takes place only at the time of purchase. Literally, product di¤erences a¤ect the behavior of the consumer at the store but do not give di¤erent utilities at the time of consumption. This assumption reduces the state space because instead of the whole vector of brand inventories, only the total quantity in stock matters. Hence, they are able to separate the product (brand) and quantity decisions. Their approach leads to an important computational simpli…cation, which is the main contribution of the paper. However, their model is very restrictive in terms of observable consumer heterogeneity, and it does not allow for unobservable heterogeneity, which would break down the complete separation of brand and quantity.
A less important di¤erence between Hendel and Nevo's model and ours is related to the random term. In their model, the randomness is included as a preference shock . That is, per period utility is a function not only of consumption but also of an additive random shock, u (c it + v it ). Equations to be estimated are exactly the same whether we consider a preference shock on consumption as they do or a measurement error on purchase as we do, only interpretation changes. However, in our model, if we consider v it to be a preference shock on consumption, at each period the decision to purchase a positive quantity will depend on that period's preference shock. Therefore, in the purchase decision equations (12) and (13), the random component (which includes past shocks) would be correlated to the number of periods the household decided to purchase (T i1 ) and with the number of periods the household decided not to purchase (T i0 ), creating an endogeneity problem.
In Erdem et al.'s model, the consumption function is linear and consumers have an exogenous stochastic per period usage requirement for the good, which is only revealed after the purchase 4 We chose to compare our work to those two paper because we believe they represent the state of the art in what concerns the study of consumer inventory behaviour. Another paper that structurally estimate demand parameters is Sun (2005) . Reduced form estimates can be found in Ailawadi and Neslin (1998) , and Boizot et al. (2001) . decision is made. Thus consumers run a risk of stocking out, which is costly, if they maintain an inadequate inventory to meet the usage requirement. Notice that the usage rate assumption means that consumption is independent of prices in the short run. However, if prices remain high for a long period, consumption will adjust accordingly through more frequent stock outs.
To reduce the complexity of the state space, they assume that once quantity to be consumed is determined, each brand in storage is consumed at a rate which is proportional to the share of that brand in storage. Together with the assumption that brand di¤erences enter linearly in the utility function, it implies that only the total inventory and a quality weighted inventory matter as state variables.
Finally, they incorporate consumer heterogeneity by allowing for 16 types of consumers which di¤er in terms of taste for the brands and in terms of usage rates.
The approach in Erdem et al. is computationally more complicated than that on Hendel and Nevo and consumption is exogenous. However, it allows for some degree of unobservable heterogeneity.
The main drawback of our model is not considering product di¤erentiation. Another weakness is the ad hoc hypothesis on consumption when there is no purchase. However, these restrictions are counterbalanced by an extremely ‡exible consumer heterogeneity structure and a very simple and fast way of computing structural estimates. Furthermore, in what concerns consumption, our assumption is not stronger than the usage rate hypothesis of Erdem et al. Indeed, in our case, consumption always responds to prices at periods with purchases. The way consumption in periods without purchases react to prices is similar to the Erdem et al.'s, i.e., adjustment happens following long term price changes (for instance, if prices increase and remain high for a long time, consumption without purchases will go down through the increase in regular prices).
Data
The database is a representative survey of households distributed across all regions of France. We use information on three years : 1999, 2000, and 2001 . Each household was given a scanner with which to register every food product purchased. For each product purchased, we have information on its brand and characteristics, including price and pack size, the date of the purchase and the brand of the retailer where it was purchased. We also have comprehensive information on household demographics, and on home characteristics, such as if the household has a storage room, a bathroom, a fridge, pets etc.
In the database, one observation is one purchase made by the household. For each product category under study, we consider a sub-sample of households that purchased that product category at least once in the three years. The product categories that we study are milk, co¤ee, canned tuna, pasta, yogurt, and butter. Table 1 through 6 bring descriptive statistics on these product categories, including number of households that purchased the product at least once during the three-year time span, total quantity purchased, average quantity per purchase, average duration between purchases, and average price paid per pack-size. The choice of product categories was made according to three criteria. First of all, we chose products that are consumed in a regular basis. Our model does not apply for products that are infrequently consumed. Second, we chose products that di¤er in terms of storage costs. While butter and yogurt need to be stocked in a refrigerated area, this is not the case for tuna, co¤ee, and pasta. Butter and yogurt are thus more costly to stock than tuna, co¤ee or pasta. Milk is more costly to stock than tuna since it requires more space per pack etc. Third, we chose products that di¤er in terms of storability, or how long or well a product can be stored. Pasta and tuna can be stored for a longer period than co¤ee which can be stored for a lot longer than yogurt, for instance 5 .
Moreover, we took into account potential measurement errors arising from the fact that we use a broad de…nition of product. We consider each category as a single product, capturing the fact that di¤erent brands are substitutes (although not necessarily perfect substitutes). If, however, the consumption of one of the category brands is, for a certain household, independent from the consumption of another brand, then by treating both brands as substitutes, we introduce measurement error in the de…nition of inter-purchase duration and underestimate the true e¤ects. To try to avoid these, we chose categories which are relatively homogeneous, increasing the probability that di¤erent brands will be substitutes. An exception is, perhaps, yogurt. Yogurt is sold in di¤erent brands and pack sizes, but the main di¤erentiation is between plain yogurt and non plain. It is not clear that all households will regard plain and, for instance, fruit yogurt as substitutes. In general,
we expect more homogenous product categories to present stronger evidence consistent with the dynamic model than less homogenous product categories. Table 7 through 12 present, for each product category sample, descriptive statistics of the household characteristics included in estimations as controls for observable heterogeneity. 5 It would have been interesting to apply the model to a product that is not at all storable or that has an in…nite storage cost. However, we could not …nd product categories presenting those characteristics. 
Econometric Implementation and Empirical Results

Model Implications
The …rst two implications derived from the model relate duration (from last purchase and to next purchase) and prices. Implication 1 states that duration from last purchase is lower if the price today is lower than regular. Implication 2, on the other hand, states that duration until next purchase is higher if the current price is lower than the regular price. Therefore, in a regression of duration from last purchase (until next purchase) on a dummy indicating if current price is lower then the regular price, the coe¢ cient of the dummy should be negative (positive).
Regular price is de…ned as the mean price per pack size paid by the household during the three years considered. Therefore, each household i has a regular price p ris , where s is the pack size. By de…ning regular price per household, we hope to be partly controlling for the relevant consumption set of the household, since what matters for the consumer when deciding to purchase and to stock is a lower or higher price than the one she is used to pay, not the mean price paid by all households.
Suppose for instance that consumer i never buys store brands, which are usually cheaper. Then the price of store brand products should not a¤ect her purchase and quantity decisions because store brands do not enter her consumption set. Analogously, if consumer i never shops at store A (too far away from home, for example) then the average price of products in store A should not a¤ect her decisions, for the same reason as prices in northern France, for instance, should not enter the regular price index of consumers living in the South of France.
The de…nition of regular price at the household level, however, has its problems. Households that have a high cost of stocking have a harder time trying to coincide purchases and sales. Their level of inventories is on average lower and they have to purchase more frequently, making it harder for them to wait for the next low price. Therefore, on average, the regular price of high stock cost households will be higher, meaning there is a correlation, by de…nition, of regular price and the household's costs of stockpiling. We believe this problem is not very important since empirical results remain basically the same when we use a regular price which is not household speci…c and thus free of the correlation with household costs.
We consider pack size in the de…nition of regular price because we want to di¤erentiate situations when the household purchased at a lower price because the product was really on a sale, from situations when households purchased at a lower price only because they bought larger packs.
Since quantity discounts are extremely frequent, the price per quantity paid when a larger pack is purchased is lower than the price per quantity paid when small packs are purchased, even if the product category was not on sale. The use of the regular price de…ned by household and size permits to separate sales from quantity discounts.
In the Appendix (Table 19) , we show results on a regression of regular prices per household and pack size on household characteristics. The regular price decreases with family size, and increases with the age of the head of the household. Households where a woman is the shopper have higher regular prices than household where a man shops. Having a child of 6 or less years of age positively a¤ects regular prices paid. Interestingly, regular prices paid for butter, yogurt, and pasta decrease with household income whereas regular prices paid for milk, co¤ee, and tuna increase with income.
Finally, having a cellar and having a car, which can be considered as indication of low cost of stockpiling, have a positive e¤ect on the regular price, which we interpret as evidence that the correlation between household costs and regular prices is not very important.
We de…ne a price discount as a price 5% or more lower than the regular price. We could have de…ned discounted price simply as any price lower than regular. With the …ve percent margin, however, we try to avoid confounding regular price ‡uctuations to actual discounts. The 5% margin is of course quite arbitrary, but we have performed the tests with di¤erent discounted price de…nitions (lower than regular, at least 2% lower than regular, at least 10% lower than regular, and at least 15% lower than regular), and the results are qualitatively the same (coe¢ cient signs do not change). Table 13 below shows the proportion of total quantity purchased during sales 6 . One main concern when studying the correlation between interpurchase duration and price is household heterogeneity with respect to inventory costs. If household heterogeneity is important, and uncrontrolled for, the estimated coe¢ cient will be biased. To correct for this, we include household …xed e¤ects, as well as household characteristics that are potentially correlated with inventory costs, such as if the household has a car or not, and variables that are proxies for stock space availability. In general, the bigger the home, the more space available for stocking inventories, and the lower the cost of inventories. We use two measures of space availability: if the household has an extra room for storage (a cellar), and if the household lives in a house or in an apartment.
Results for the estimation of the e¤ect of discounted price on interpurchase duration are presented in Table 14 . The …rst and third columns show results for simple OLS regressions where the dependent variable is, respectively, duration since last purchase and duration until next purchase.
Coe¢ cients displayed in the second and fourth columns are from regressions with …xed e¤ect where the dependent variables are again duration from last purchase and until next purchase. The three last columns present, respectively, the number of households and the number of observation included in the regressions with and without household …xed e¤ects. All regressions include controls for region of residence, family size, presence of a child (of 16 or less and 6 or less years of age), household income, car ownership, age and education of the head of the household, and gender of 6 Proportion of total quantity purchased per product during whole time span which was made in periods when prices (per pack) were at least 5% lower than regular price.
the person responsible for purchases. They also include space availability controls, namely, whether the family lives in a house or an apartment and whether there is a special room for storage.
Results highly corroborate the inventory model. Almost every coe¢ cient presents the correct sign. The only exceptions are pasta and yogurt for which there is no empirical evidence that duration from last purchase is negatively a¤ected by lower prices today (although duration to next purchase is higher if the product is on sale today). Notice that, in general, evidence in favor of the model is stronger once household …xed e¤ects are included (for instance, in the regressions of duration from last purchase for milk and butter, and duration until next purchase for tuna, the coe¢ cient has the right sign and is signi…cant only when we include …xed e¤ects), which underline the importance of household unobservable heterogeneity. (1) last (2) next (1) (1) regression without …xed e¤ects, and (2) with …xed e¤ects; (iv) controls are: whether the household has a car, family size, region of residence, income, whether the person responsible for purchases is a male, presence of a child of 16 or less years of age, presence of a child of 6 or less years of age, and educational level of the head; (v) the column "Nb hh" (5th column) presents the number of households in the sample, and the two last columns, the number of observations in the regression without and with …xed e¤ects, respectively.
To investigate the relationship between inventory costs, as proxied by space availability at home and frequency of purchases (Implication 3 ), we run regressions for each product subsample in which the dependent variable is the number of times the household purchased the product during the three year time span. In this exercise, the focus is on frequent consumers. Therefore, for each product category, we consider a subsample of households that purchased the product at least 12 times during the three years (approximately once every three months). The regressions include controls for income level, household size, age and education of the person of reference, gender of the person responsible for the purchases, presence of a child of 6 or less years of age, presence of a child of 16 or less years of age, as well as the region where the household lives. The variables that proxy for available space are the same as used above, i.e., dummy variables indicating if the household has a cellar, and if the home of the household is a house or an apartment 7 . We also include a dummy indicating whether the household owns a car. Although a car is not necessarily correlated with space availability, we conjecture that having a car decreases storage costs simply because it decreases the cost of bringing home large quantities of the product. Estimated coe¢ cients are in Table 15 . 7 Ideally, we would include a measure of total space availability (i.e., the total size of the home) but the data do not include this information. Alternatively, we could use census data and compute square footage of living area by zip code, as in Bell and Hilber (2005) . However, we believe that may be substantial heterogeneity in home sizes within a zip code in France and preferred to stick to the extra room and house or apartment measures. We could also have included other space availability measures, such as wether the home has a garden, a dog (as in Hendel and Nevo, 2003) , a bathroom etc., but decided not not to in order to avoid multicollinearity.
Notes: (i) Dependent variable is frequency of purchase per household (ii) Absolute value of t statistics in parentheses, (iii) * signi…cant at 5%, ** signi…cant at 10%; (iv) Other controls are: income level, household size, region, age and education of person of reference, gender of person responsible for purchases, presence of child of 6 or less years of age, presence of child of 6 or less years of age.
Clearly, having a cellar negatively a¤ects the frequency of purchases of all product categories, except for butter. Living in a house instead of an apartment and owning a car also seems to negatively a¤ect the frequency of purchase, although the negative coe¢ cient is signi…cant only for milk. Interestingly, among the product categories considered, milk is the one that occupies the most space (i.e., one standard-size pack of milk is larger than one standard-size pack of co¤ee, or butter, or tuna) and that weighs the most (thus the importance of owning a car when deciding to purchase for storage).
Structural Analysis
Identi…cation and Estimation
In this section, we structurally estimate demand for the case where price is higher than regular price (equation 12). Unfortunately, we cannot estimate the structural parameter i because its identi…cation relies on the estimation of equation (13), which includes an unknown and unobservable function, namely E t it+1 .
Rewriting (12), we get the equation to be estimated:
Identi…cation of the parameters of the model is standard. Variation over time of prices and the periods with and without purchases ensure the semi-parametric identi…cation of the model parameters. This means that we can identify and estimate i and without specifying the distribution function of " it . We do so running an OLS.
To allow for consumer-speci…c marginal utility of income ( ) we interact T t 1 i in (18) with a set of dummy variables indicating the household. In this way, instead of getting one estimated per product category, we get as many estimates as there are households in each product category sample. Individual speci…c parameters are an important contribution of our work and can be obtained thanks to the large number of observations in the dataset.
Remember that we do not observe inventories. Instead of assuming an arbitrary level for the initial inventory level, we perform the estimation on a subsample which begins, for each consumer i at the …rst purchase occasion following a purchase at higher than regular prices. When prices are higher than regular and the consumer purchases a positive amount of the product, Proposition 1 says that the end of the period level of inventories is equal to zero. Therefore, eliminating the observations before the …rst purchase at high prices, we can comfortably assume that initial stocks are equal to zero, avoiding the initial condition problem.
Another problem we have to deal with in the estimation is the fact that we only observe prices paid by households. This means that when a household does not purchase, we do not have information on the price she would have paid. Then, in periods when the household does not purchase, we consider as the price she would have paid the mean price paid that week by households living in the same region.
Finally, to control for potential seasonal e¤ects, we include dummies indicating each one of the four seasons of the year in all regressions.
Results
Estimated are all positive as predicted and signi…cant at 5%. We do not report the estimated values because the absolute value of has no special meaning. In this context, it is not actually the risk aversion but the concavity of the utility function for a certain product, and it depends not only on the product category but also on the unit of measurement considered for q it . Table 16 brings the mean estimated i per percentile. The estimated coe¢ cients show the signs predicted by the model. Furthermore, except for a few exceptions (for less than 10% of the households), they are signi…cant at least at 5%.
Below, estimated i s are used to simulate the long run price elasticities derived from the model and to study whether household observable characteristics can explain di¤erences in estimated parameters.
Price Responsiveness in the Dynamic and Static Models
To obtain a measure of the long-run and short run price elasticities, we plug the estimated i s and i s into (17) and (16). The i s are estimated by OLS using (15). Table 17 below shows elasticities for each product when considering estimated parameters sig- ni…cant at 5%. In both tables, the …rst column shows the average long run price elasticity, while the second column shows the short run price elasticity calculated using the estimated i s . The third column presents an alternative measure of the price-elasticities: the estimated coe¢ cient of the regression of the log of the individual quantity purchased on the log of the price, denoted R .
We have decided to include this last column for illustrative purposes. However, we believe that to have an idea of the di¤erence between the short and long run measures of price elasticities, it is best to compare the …rst two columns of Table 17 . These two columns show price elasticities which yield from nested models (one is the static version of the other). 
The short run measures are consistently higher than their long run counterparts. The upper bias varies from 80% up to more than 100% depending on the product. The di¤erence in measures is a result of the short run elasticities capturing not only consumption responses to price variation, but also inventory responses.
Interestingly, the di¤erence between the long and short run price elasticities is lowest in the case of yogurt and butter. Yogurt is less storable than other products (yogurt cannot be stored for a long time), and is expensive to store (needs a refrigerator). Butter needs to be frozen to be stored thus requiring the household to have a freezer and increasing storage costs. We expect therefore inventories to be less relevant in the case of those two product categories and this seems indeed to be the case.
Consumers Heterogeneity
We regress the estimated i s on a number of household characteristics in order to assess if observables explain at least partially individual di¤erences in the theoretical model parameter. Notice that a higher i for a certain product indicates that the household is willing to spend a lower proportion of its income on that product. Therefore, di¤erences in the coe¢ cients across products shed light on relative preferences or taste over products.
The variables included in the regression are: dummy variables indicating whether the household has a cellar, lives in a house or an apartment, has a car, includes a child of 6 years of age or less, includes a child of 16 years of age or less. Furthermore, we control for region of residence, household size, age, gender and education of the person of reference, and household income. The tables with all the estimated coe¢ cients is in the Appendix (Table 22 -24) . Very few coe¢ cients are signi…cant indicating that unobservables play an important role in explaining the marginal utility of income.
Robustness Check
To check the robustness of the model results, we consider an alternative procedure for estimating model parameters. Furthermore, we estimate the marginal utility of revenue and calculate price elasticities under di¤erent price expectation assumptions.
Alternative Estimation Procedure
Suppose a certain consumer purchases today at a price higher than regular. Proposition 1 says that her end of the period inventory level will be equal to zero and she will purchase again next period since her beginning of next period level of inventory is going to be zero. If next period, the price is still higher than the regular price, she will again purchase only enough to cover consumption, choosing to hold no stocks. This means that next period, her consumption is going to be equal to the quantity purchased, since she had nothing stored at home and she will not store anything either. More formally, let T 0 i be the set of consecutive periods such that p (t 1) 0 > p r and p t 0 > p r and q i(t 1) 0 > 0 and q it 0 > 0: Then, for all (t 1) 0 and t 0 belonging to T 0 i , y i(t 1) 0 = y it 0 = 0, and therefore, q it 0 = c it 0 . This observation suggests a rather simple alternative for estimating the parameters of the model which considers only the subset of observation in T 0 . The equation to be estimated is:
When the utility function is a CARA, as considered before, (19) becomes:
We estimate i and in (20) and calculate price elasticities as before. We then compare the long and short run measures of price elasticity, where the short run measure is the price elasticity of the static model. Results do not change much. However, they are less precise because standard errors are bigger since here we use less observations to estimate the model parameters.
Alternative Price Expectation Hypothesis
The assumption that consumers always expect prices to return to its regular level may be too strong. Here, we re-estimate the parameters of the model and calculate price-elasticities under an alternative price expectation hypothesis. We start by estimating two di¤erent Markov price processes. We then assume consumers have rational expectations and that they expect prices to follow the estimated price processes.
The …rst price process we consider is 8 :
where h, l, and r indicate that p t 1 is either higher, lower or equal to the regular price, respectively.
The second process is a VAR(1):
The problem is we do not observe prices, only prices paid by the households. We could have de…ned p t and p t 1 to be the average price paid at periods t and t 1. However, we believe this would fail to capture important regional and per brand price variations. We thus preferred to consider the prices paid by each household, thus the i index on the price variables in (21) and (22).
For periods where household i did not purchase (hence we do not observe the price paid by i), we consider the price paid by i to be equal to the average price paid at the same period by households that live in the same region as i. are used (for all product categories, this respresents more than 90% of the estimated parameters).
The third column brings the price elasticities yielded by the static model of demand. Those are the same measures seen in the second column of Table 17 since the static estimates are not a¤ected by price expectations. We re-include them here to facilitate comparison with the long run measures. Under both price expectation hypothesis, the results of the model are maintained. Even though the upperbias of the static measures is smaller than before, it is still very signi…cative, with the di¤erence between the short and long run price elasticities varying from 9% to 42% under the …rst price process, and from 16% to 30% under the second price process.
Conclusion
Ignoring dynamics in the demand behavior of consumers may lead to biased estimates of the long run demand price elasticities. We propose a model of demand where consumers stockpile and prices are random. An assumption on the level of consumption at periods without purchases enables identi…cation of the long run price elasticity without having to solve the dynamic program
We also derive and test implications of the model.
The empirical analysis is performed using a comprehensive dataset on household food products purchases. We estimate individual speci…c marginal utilities of income from the purchase probability equations yielded by the model. The estimates are then used to simulate the long run demand price elasticities. We …nd that price elasticities resulting from a static demand model signi…cantly overestimate the long run price elasticities. Finally, we show that results are robust to di¤erent price expectation assumptions.
Appendix Short Run Price Elasticities in the Inventory Model
Individual demand at period t (the short run demand) is equal to:
where we use the fact that p t > p r and p t p r are complementary events and apply Bayes'
Theorem. We also use the law of motion of inventories (equation 1) to write q it = y it + c it x it , as well as Proposition 1 which says that y it = 0 when prices are higher than regular prices.
We assume v it is normally distributed. Moreover, the …rst order conditions for the dynamic model imply that in periods with purchases,
Therefore, we can write:
and
where is the Normal cumulative distribution function, and V it and U it are, respectively:
Hence, the short run elasticity of demand (or the price elasticity of purchases) in the inventory model is equal to:
Note: Absolute values of t statistics in parentheses, (i) * signi…cant at 5%, ** signi…cant at 10%.
Note: Absolute values of t statistics in parentheses, (i) * signi…cant at 5%, ** signi…cant at 10%. 
